In this paper, we theoretically analyze the emission of guided polaritons accompanying spontaneous recombination in a semiconductor quantum dot coupled to metallic nanowire. This study is aimed to shed light on the interaction between optically excited quantum emitters and metallic nanowaveguides beyond the validity of dipole approximation. To the best of our knowledge, this is the first time the geometry of quantum emitter and spatial inhomogeneity of the electric field constituting the fundamental polariton mode are fully taken into account. Even though we performed the analysis for disk-like quantum dot, all the conclusions are quite general and remain valid for any emitter with nanometer dimensions. Particularly, we found that the strong inhomogeneity of the electric field near the nanowire surface results in a variety of dipole-forbidden transitions in the quantum dot energy spectra. It was also unambiguously shown that there is a certain nanowire radius that gives maximum emission efficiency into the fundamental polariton mode. Since the dipole approximation breaks for nanowires with small radii and relatively big nanoemitters, the above features need to be considered in the engineering of plasmonic devices for nanophotonic networks. 
Introduction
Subwavelength nanophotonics applications exceedingly demand the ability to operate with single light quanta and guide light far beyond the classical diffraction limit [1] [2] [3] [4] [5] [6] [7] [8] [9] . In order to gain full control over the light in nanoscales, engineers must devise efficient ways to extract optical energy from emitters, effectively guide it, and couple to the absorbers. In the standard fiber-optic communication systems, these problems are tackled by dielectric fibers or semiconductor waveguides [10] . However, natural limitation of the lateral dimensions of ordinary waveguides by the effective wavelength of light rule them out from applications in the subwavelength regime. Fortunately, an efficient transport of optical signals in nanoscale may be realized by metallic nanowires [11, 12] . Similar to fibers in macro-devices, metallic nanowires are able to provide strong coherent coupling with single-photon modes prevalent in nanophotonic networks [3, [13] [14] [15] . The essential properties of metallic nanowires stem from the interaction of electromagnetic field with electron density oscillations leading to the formation of quasiparticles, known as plasmon-polaritons. These quasiparticles propagate along the surface of nanowires and sometimes are referred to as surface plasmon-polaritons (SPP) in literature [16] [17] [18] . Given that the bulk plasmon-polaritons in nanowires does not exist, we use the term "polaritons" instead of SPP in this paper.
Regardless of the radius, metallic nanowire supports at least one polariton mode, which is spatially confined near its surface. Consequently, the energy of the optical field may be always transported along the metallic nanowire in the form of polaritons with prescribed localization determined by the nanowire radius. In combination with the possibility of precise metal fabrication on nanoscale [19] , this feature makes nanowires especially attractive for quantum information technology [20, 21] . Particularly, the light channeled by nanowire polaritons may be employed to create two building blocks of nanophotonic circuits: subwavelength optical waveguides [15, 21, 22] and single-photon switches [2, 23] . For effective operation of these devices, a reliable conversion of light into guided polaritons and vice versa is needed as well as strong controllable coupling between nanowires and nanoemitters is required. The light-polaritons conversion may be realized, for example, by coupling of nanowire to dielectric waveguide [24] , whereas the strong coupling of metallic nanowires to optical emitters is realizable owing to the ultra-small volumes of polariton modes [25] .
Recently, it has been experimentally shown that the spontaneous emission of CdSe quantum dot may be almost entirely directed into the polaritons of silver nanowire with radius about 50 nm [26] . The high emission rate observed in this experiment has been theoretically investigated by two research groups [24, 25, 27, 28] . Analyzing the emission properties of a dipole emitter near a nanowire, they showed that the Purcell factor may exceed 500 upon the excita-tion of the fundamental polariton mode [24] and is further enhanced for other modes because of their higher density of states [25] . In this paper, we abandon the dipole approximation used in these works to study in detail the polariton-mediated dynamics of the electronic subsystem of the emitter. We calculate analytically the generation rate of fundamental polaritons in metallic nanowire coupled to emitter of finite size. In the calculations, the emitter is modeled by a cylindrically-symmetric quantum dot in the strong confinement regime. The expression obtained is used to analyze the specific properties of polariton emission efficiency against dipole-allowed and dipole-forbidden transitions. We also consider the possibility to utilize the polariton emission for engineering of quantum dot electronic dynamics.
Fundamental polariton mode in a cylindrical metallic nanowire
The process of spontaneous recombination in a semiconductor quantum dot is caused by interaction of the quantum dot electronic subsystem with vacuum field fluctuations [29] [30] [31] . The intensity of these fluctuations is substantially enhanced in the vicinity of a conducting nanowire leading to the spontaneous recombination of electrons and holes (or excitons) with emission of guided polariton modes. To calculate the recombination rate associated with the spontaneous polariton emission, first we need to find the electromagnetic field generated by polaritons outside the nanowire. For this purpose, we consider nanowire as an infinitely long metallic cylinder with radius R and permittivity ε 1 (ω) surrounded by a homogeneous dielectric with high-frequency permittivity ε 2 (see Fig. 1 ). The electromagnetic field and dispersion of polaritons propagating along the cylinder are determined by the solution of Maxwell's wave equation satisfying standard boundary conditions of classical electrodynamics [32] [33] [34] . The electric component of the field accompanying non-radiative polaritons with frequency ω and wave-vector k can be represented in the form
where m ∈ Z, E m (ρ) is the electric field vector of the mth polariton mode, and ρ, ϕ, and z are the cylindrical coordinates. We assume that the propagation is lossless and thus k values are real. In what follows, we only consider the cylinders whose radii satisfy the condition R |κ j | −1 , where κ j = ε 1/2 j ω/c, j = 1, 2. We shall be referring to such cylinders as nanowires. In the case of small nanowire radius, only a fundamental TE polariton mode with m = 0 is involved in the process of spontaneous emission. The other, "windy" modes are either not localized near the nanowire or experience a cutoff in the reciprocal space [28] . The amplitude of the fundamental polariton mode is given by [25] 
where E 0 is the normalization constant, α j = (k 2 − κ 2 j ) 1/2 is the attenuation coefficient of the jth media, I n (x) and K n (x) are the modified Bessel functions of the first and second kinds, e ρ and e z are the unit vectors, and
The constant E 0 can be found by applying the secondary quantization procedure [28, 35, 36] . In the case of dispersive media, this procedure leads to the equation [37] 1 4π
where the integration is carried out over the whole space. To proceed further, we need to specify the frequency dependance of metal permittivity. According to the Drude dispersion model, the permittivity of metal at sufficiently high frequencies (ω < ω p , ω p is the plasma frequency) is predominantly real and can be written as
For simplicity, we ignored the small imaginary part of ε 1 which is equivalent to the assumption of the infinite lifetime of polariton modes. This assumption is practically valid for real nanowires shorter than the polariton decay length, which is about tens of μm [28, 38, 39] . Using the above expression for ε 1 (ω), we readily obtain from Eqs. (1) and (2)
where L is the normalization length of nanowire and σ is the effective normalization area,
The dispersion of fundamental polariton mode, ω(k), ensuring the continuity of z-component of the electric field (1), is implicitly given by the equation In the calculations, we used the following parameters: ω p = 3.76 eV, ε ∞ = 9.6, ε 2 = 2.1.
In this paper, we perform all the calculations for silver nanowire embedded in SiO 2 . This system can be easily grown on silicon substrate with existing silicon technology. The typical dispersion curves corresponding to such nanowires with different radii are shown in Fig. 2 . The saturation frequency of these curves can be found by noting that, in the limit k → ∞, Eq. (4) reduces to the well-known dispersion relation of interface modes in single heterostructure, ε 1 + ε 2 = 0, which follows from dielectric consideration [40] . Assuming that ε 2 does not depend on frequency, we find the limiting frequency of fundamental polariton mode to be ω(∞)
It is also readily seen that the full dispersion of surface polaritons in plane heterostructure,
, follows from Eq. (4) in the limit R → ∞, since for big argu-
Spontaneous recombination in a semiconductor quantum dot mediated by polariton emission
If an excited quantum dot located near metallic nanowire, a spontaneous emission into nanowire polaritons may occur. This process is caused by interaction of quantum dot electrons with nanowire via electric field of polariton modes. In this section, we restrict our analysis to the emission process of fundamental polaritons, which are assumed to be only slightly perturbed by the quantum dot. The rate of spontaneous polariton emission due to the recombination of electrons in state i with holes in state f (or annihilation of exciton in the state i) is given by the Fermi's "golden rule" of quantum mechanics [43] ,
where V i f (k) is the matrix element of one-polariton interband transition with frequency Ω i f . The first summation in Eq. (5) is performed over the degenerate final states of the carriers. The second summation is carried over all possible values of plasmon wave-vectors and is replaced by integration as provided that we are only tracking polaritons propagating along the +z-direction. Without introducing substantial error, the maximum polariton wave-vector, k max , can be changed to ∞ because for high k, the electric field is low and the corresponding contribution of matrix element into the integral is negligible. Then, the integration over k can be evaluated using δ -function with the result
where k 0 is determined from the equation ω(k 0 ) = Ω i f and the prime indicates differentiation with respect to k. Using Eq. (4) it is easy to show that
, where
To relate the matrix element V i f (k) to the electric field generated by polaritons, we consider the quantum dot made up from a semiconductor with either T d or O h symmetry. In this case, utilizing the effective mass approximation and a two-band model of semiconductors, one may show that [44] 
Here e is the electron charge, P is the Kein's parameter, ε 3 is the high-frequency permittivity of quantum dot, x, y, and z are the principal crystallographic axes of quantum dot, and E
i f (k) is the matrix element of the jth component of the electric field calculated on the envelope wave functions ψ ν (r),
In deriving Eq. (7), we also used the quasi-static approximation and neglected the magnetic field of polariton modes. Without loss of generality, we may model the quantum dot by a disk-shaped potential well with infinite barriers. In the strong confinement regime, the state of electron (hole) in such a well is determined by a set of three quantum numbers, n, m ∈ N 1 and l ∈ Z. Let us denote by a and h, the radius and height of the quantum well, respectively. Then, in the coordinates associated with the center of the well's base, the normalized wave function corresponding to the state ν ≡ {n, l, m} has the form [44] 
where J l (x) is the Bessel function of the first kind and γ nl is its nth zero [i.e., J l (γ nl ) = 0]. The energy of electron (hole) in a disk-shaped quantum dot depends on the value of γ nl . Owing to the property J −l (x) = (−1) l J l (x), all the states (9) with l = 0 are doubly degenerate.
The frequency of polariton emitted by electron upon transition between states i = {n, l, m} and f = {n , l , m } is determined by the energy conservation law,
where E g is the bandgap and m * e(h) is the effective mass of electron (hole). One important point to remember is that the above description of the quantum dot electronic subsystem in terms of noninteracting electrons and holes is valid until the dot size is much smaller than the exciton Bohr radius, i.e., when max{a, h} R ex = ε 0h 2 /(μe 2 ), where ε 0 is the static permittivity of the quantum dot and μ = m * e m * h /(m * e + m * h ). For the sake of simplicity, we assume that the symmetry axes of quantum dot and nanowire are parallel to each other and separated by a distance d (see Fig. 1b) . Using Eqs. (1), (8) , and (9), it is easy to show that
where
Substituting this result in Eq. (7), we obtain from Eq. (6) the rate of spontaneous polariton emission in a fixed direction of nanowire,
is the radiative recombination rate [45] , χ(l ) = 2 − δ l 0 takes into account double degeneracy of the final states with l = 0, and the values of all kdependant quantities must be taken at k = k 0 . We suppose in Eq. (10) that nanowire just slightly modifies the efficiency of radiative recombination and therefore w rad does not depend on d. It is also worth noting that the electron-hole recombination rate with emission of polaritons propagating towards either of the nanowire ends is equal to 2w i f .
Equation (10) constitutes the main result of our paper. According to Eq. (10), the polariton emission is possible upon transitions between any states with Ω i f < ω(∞). As can readily be observed, this is a consequence of spatial inhomogeneity of electric field accompanying the fundamental polariton mode.
The emission rate of point dipole can be obtained from Eq. (10) as a passage to the limit when the quantum dot dimensions tend to zero (a, h → 0), while the frequency Ω i f is fixed. In this case, it is easy to verify that Δ mm (0) = δ mm and the sum in Eq. (10) reduces to
Thus, we come to the selection rule which is general for dipole approximation: only the transitions between states with the same quantum numbers are possible. The other well-known feature of polariton emission by point dipole located in the proximity of metallic nanowire is the 1/R 3 -divergency of the emission rate as the nanowire radius tends to zero [28] . To examine the scenario of small R in Eq. (10), we notice that for R → 0, α 1 ≈ α 2 ≈ k. Further, the dispersion law (4) requires kR = ϑ i f , where ϑ i f is a constant which depends only on polariton frequency. With this result, one may check that ω (k 0 ) ∝ R and σ ∝ R 2 . Finally, for d ∼ R from Eq. (10) 
Physically, the divergency of the polariton emission rate as R → 0 originates from neglecting the ohmic losses described by the imaginary part of ε 1 . As we shall see in the next section, for emitters with finite dimensions, this divergency is absent even in nondissipative case. It is worth noting that the above analysis may be easily extended to account for losses in the metal. These losses are characterized by an imaginary part of metal permittivity and result in complex-valued polariton dispersion, ω(k) = ω (k) + iω (k) (ω > 0), which implies the finite lifetime of polariton modes τ = 1/ω . In the case of ultrathin nanowires, the imaginary part of the fundamental polariton frequency is known to be much smaller than the real part [27] . Therefore, one may introduce the effect of finite polariton lifetime into the equation for spontaneous emission rate by replacing Dirac's δ -function in Eq. (5) 
and using only the real part of the polariton dispersion in the subsequent calculations. However, it is to be emphasized that such a formulation will not change the qualitative behavior of the spontaneous emission process described in Eq. (10).
Numerical examples and discussion
In this section, we illustrate the peculiarities of polariton emission by considering an InAsquantum dot with the following parameters: E g = 414 meV, ε 3 = 12.25, m e = 0.024 m 0 , m h = 0.33 m 0 , where m 0 is the free electron mass. The efficiency of recombination channel due to excitation of the fundamental polaritons propagating in +z direction is characterized by the ratio of w i f to the sum of radiative and nonradiative recombination rates. Supposing that the quantum yield of the quantum dot in the absence of nanowire is close to 100%, we may define the efficiency of emission into the fundamental polariton mode with fixed propagation direction as with distance between the quantum dot and nanowire for different nanowire radii. It corresponds to the transition between ground states of electrons and holes in the quantum dot with h = 2a = 20 nm. One can see that for small nanowires, the emission efficiency may exceed 90%. This fact suggests ultrathin nanowires as a promising candidates for coupling of quantum emitters separated by distances of order of several μm. Both the quantum dot-nanowire interaction strength and its decay with distance decrease with increasing nanowire radius. Owing to the broad dispersion of the fundamental polariton mode, the emission upon the higher-energy transitions may also be very efficient. This is illustrated by the lower panel of Fig. 3 .
The dependance of emission efficiency on nanowire radius for quantum dot touching the nanowire is presented in Fig. 4 . The upper and lower panels correspond to the dipole-allowed and dipole-forbidden transitions, respectively. From these panels, we notice that metallic nanowire with R ∼ 2 − 3 nm is capable of realizing more than 80%-coupling between single emitters attached to its surface. It is also seen that the emission efficiency initially grows with reducing of R, peaks for nanowires with radii below 2 nm, and then starts decaying to zero as R → 0. This behavior is in striking distinction from the monotonous bent of β 0 to unity, which follows from the divergency of spontaneous emission rate deduced in the dipole approximation. The reason behind this difference is clear: even though the electric field of nanowire tends to infinity as R approaches zero, its strong localization results in negligible polariton emission by any emitter with finite dimensions.
Several qualitative conclusions can be made by comparing the panels of Fig. 4 . First, the polariton emission efficiency upon the dipole-allowed transitions decays much slower than that of the dipole-forbidden transitions. Particularly, for nanowire with R = 10 nm, the former is within the range 50 − 80%, whereas the latter is almost negligible. This is just a reflection of the fact that the electric field inhomogeneity grows with the increasing curvature of nanowire surface. Second, as R → 0, the emission efficiency approaches zero exhibiting an infinite number of oscillations with a rapidly damped amplitude. In the inset of Fig. 4 , several first peaks of these oscillations can be seen. The oscillations are governed by the function Δ mm (k 0 h) and result in zero emission efficiency for R q ≈ ϑ i f h/|x q |, where x q = (2q − m − m )π is the root of equation Δ mm (x) = 0, q ∈ N, and q = {0, m, m , m + m }. Finally, the decay rate of emission efficiency is nearly the same in the upper panel for dipole-allowed transitions but substantially differs for dipole-forbidden transitions in the lower panel. In the latter case, the decay rate is determined by the quantum numbers m and m of the states involved in the transition. Figure 5 illustrates the variation of emission efficiency upon changes in the dimensions of the quantum dot with fixed volume. One can see that alteration of the quantum dot shape can be used to increase the polariton emission for some interband transitions and decrease it for the other. For example, only transitions between states with quantum numbers {1, 0, 1}, {1, 1, 1}, and {1, 2, 1} are allowed if h = 5 nm. However, if the quantum dot height is increased up to 16 nm, three new transitions with quantum numbers {1, 0, 2}, {1, 1, 2}, and {1, 0, 3} arise, whereas the transitions between states {1, 2, 1} becomes nearly prohibited. At the same time, the efficiency of the fundamental transition (solid curve) remains almost unchanged. Thus, the distinct dependencies of the polariton emission efficiency upon different interband transitions on nanowire radius and quantum dot dimensions offer wide opportunities to control the dynamics of optically excited quantum dots by suppressing or enhancing the specific transitions.
As a closing note, we would like to emphasize that the above analysis can be readily performed for either emitters of more complicated shapes or other nanowire geometries. The resulting information is necessary for better understanding of quantum dynamics of optoelectronic devices with subwavelength dimensions.
Conclusion
In conclusion, we have analytically investigated the process of energy relaxation in a semiconductor quantum dot accompanied by spontaneous emission of fundamental polariton modes of a metallic nanowire. We have found that the emission efficiency in quantum dots contacting ultrathin nanowires may exceed 90% for both dipole-allowed and dipole-forbidden transitions. Together with the weak out-coupling into free-space modes, which is inherent to ultrathin nanowires, this feature can be used to achieve the long-range coupling between distant quantum emitters. The distinct dependencies of emission efficiencies upon different interband transitions on nanowire radius and quantum dot dimensions have been suggested for the engineering of quantum dot electronic dynamics. We have also shown that the polariton generation rate is not only limited by the ohmic losses of metal but also by the finite size of the emitter.
